In this paper, we present a computational method for solving optimal control problems and the controlled Duffing oscillator. This method is based on state parametrization. In fact, the state variable is approximated by Boubaker polynomials with unknown coefficients. The equation of motion, performance index and boundary conditions are converted into some algebraic equations. Thus, an optimal control problem converts to a optimization problem, which can then be solved easily. By this method, the numerical value of the performance index is obtained. Also, the control and state variables can be approximated as functions of time. Convergence of the algorithms is proved. Numerical results are given for several test examples to demonstrate the applicability and efficiency of the method.
Introduction and Preliminaries
Optimal control problems play an important role in a range of application areas including engineering, economics and finance. Control Theory is a branch of optimization theory concerned with minimizing a cost or maximizing a payout pertaining. An obvious goal is to find an optimal open loop control u * (t) or an optimal feedback control u * (t, x) that satisfies the dynamical system and optimizes in some sense performance index. There are two general methods for solving optimal control problems. These methods are labeled as direct and indirect methods. An indirect method transforms the problem into another form before solving it and can be grouped into two categories: Bellman's dynamic programming method and Pontryagin's Maximum Principle. Bellman pioneered work in dynamic programming which led to sufficient conditions for optimality using the Hamilton-Jacobi-Bellman (HJB) equations. In fact, a necessary condition for an optimal solution of optimal control problems is the HJB equation. It is a secondorder partial differential equation which is used for finding a nonlinear optimal feedback control law. Pontryagin's Maximum Principle is used to find the necessary conditions for the existence of an optimum. This convert the original optimal control problem into a boundary value problem, which can be solved by using well known techniques for differential equations, analytically or numerically (for details see [1, 2, 3, 4, 5, 6] ). As analytical solutions of optimal control problems are not always available, therefore, finding a numerical solution for solving optimal control problems is at least the most logical way to treat them and has provided an attractive field for researchers of mathematical sciences. In recent year, different numerical computational methods and efficient algorithms have been used to solve the optimal control problems (for example see [7, 8, 9, 10, 11, 12, 13, 14] ). In direct methods, the optimal solution is obtained by direct minimization of the performance index subject to constraints. In fact, the optimal control problems can be converted into a optimization problem. The direct methods can be employed by using the parameterizations technique which can be applied in three different ways: control parameterizations, control-state parameterizations and state parameterizations [15, 16, 17, 18] . State parametrization converts the problem to a nonlinear optimization problem and finds unknown polynomial coefficients of degree at most n in the form of ∑ k i=0 a i t i for optimal solution [19, 20] . The control parameterizations and control-state parameterizations have been used extensively to solve general optimal control problems. Jaddu has presented numerical methods to solve unconstrained and constrained optimal control problems [17] and later, extended his ideas to solve nonlinear optimal control problems with terminal state constraints, control inequality constraints and simple bounds on state variables [18] . In [21, 22] , the authors have presented a numerical technique for solving nonlinear constrained optimal control problems. Gindy has presented a numerical solution for solving optimal control problems and the controlled Duffing oscillator, using a new Chebyshev spectral procedure [23] . In [24] , the authors have presented a spectral method of solving the controlled Duffing oscillator. In [25] , a numerical technique is shown for solving the controlled Duffing oscillator; in which the control and state variables are approximated by Chebyshev series. In [26] , an algorithm for solving optimal control problems and the controlled Duffing oscillator is presented; in the algorithm the solution is based on state parametrization such that the state variable can be considered as a linear combination of Chebyshev polynomials with unknown coefficients and later, extended state parametrization to solve nonlinear optimal control problems and the controlled Duffing oscillator [27] . This paper is organized into following sections of which this introduction is the first. In Section 2, we introduce mathematical formulation. Section 3 is about Boubaker polynomials. The proposed design approach and its convergence are derived in Section 4. In section 5 we present a numerical example to illustrate the efficiency and reliability of the presented method. Finally, the paper is concluded with conclusion.
Problem statement
Optimal control deals with the problem of finding a control law for a given systeṁ
where, f is a real-valued continuously differentiable function, f : I ×E ×U → R n . Also I = [t 0 ,t 1 ] for the time interval, u(t) : I → R n for the control and x(t) : I → R m for the state variable is used. As the control function is changed, the solution to the differential equation will be changed. The subject is to find a piecewise continuous control u * and the associated state variable x * (t) that optimizes in some sense the performance index
2) subject to (2.1) with boundary conditions
where, x 0 and x 1 are initial and final state in R n ; respectively, that may be fixed or free. Control u * is called an optimal control and state variable x * an optimal trajectory. Also, L : I × E ×U → R is assumed to be a continuously differentiable function in all three arguments. the optimization problem with performance index as in equation (2.2) is called a Lagrange problem. There are two other equivalent optimization problems, which are called Bolza and Mayer problems [2] . Particularly in optimal control problems L can be an energy or fuel function as below [28] :
L(t, x(t), u(t)) = |x(t)| + |u(t)|.
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Generally, J may be a multi purpose or multi objective functional; for example, in minimization of fuel dissipation or maximization of benefit. 
The optimal control problem is to find an optimal control u(t) which minimizes the performance index, 
In the case of linear quadratic optimal control problem (2.4)-(2.5), if the value V
Here K(t) satisfies the matrix Riccati equation [17] 
Example 2.2. The Controlled Linear Oscillator
We will consider the optimal control of a linear oscillator governed by the differential equation
in which T is specified. equation (2.6 ) is equivalent to the dynamic state equationṡ
with the boundary conditions
It is desired to control the state of this plant such that the performance index [5] applied to this optimal control problem yields the following exact analytical solution [22] :
where
The Controlled Duffing Oscillator Controlled Duffing oscillator described by the nonlinear differential equation
Subject to the boundary conditions and with the performance index pointed out as in the previously linear case. The exact solution in this case is not known.
The Boubaker polynomials
In this section, Boubaker polynomials, which are used in the next sections, are reviewed briefly. The Boubaker polynomials were established for the first by Boubaker et al. as a guide for solving heat equation inside a physical model. In fact, in a calculation step during resolution process, an intermediate calculus sequence raised an interesting recursive formula leading to a class of polynomial functions that performs difference with common classes (for details see [29, 30, 31, 32, 33, 34] ).
Definition 3.1. The first monomial definition of the Boubaker polynomials is introduced by:
B n (X) = ζ (n) ∑ p=0 [ (n − 4p) (n − p) C p n−p ] .(−1) p .X n−2p , where ζ (n) = ⌊ n 2 ⌋ = 2n + ((−1) n − 1) 4 .
Their coefficients could be defined through a recursive formula
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The ordinary generating function f B (t, x) of the Boubaker polynomials is:
.
The characteristic differential equation of the Boubaker polynomials is:
Lemma 3.1. Some arithmetical or integral properties of Boubaker polynomials are as follow:
The proposed design approach
In this section, a new parameterizations using Boubaker polynomials, to derive a robust method for solving optimal control problems numerically is introduced. In fact, we can accurately represent state and control functions with only a few parameters. First, from equation (2.1), the expression for u(t) as a function of t, x(t) andẋ(t) is determined, i.e. [10] u
be set of all functions satisfying initial conditions (2.3). Substituting (4.9) into (2.2), shows that performance index (2.2) can be explained as a function of x. Then, the optimal control problem (2.1)-(2.3) may be considered as minimization of J on the set Q. The state parametrization can be employed using different basis functions [16] . In this work, Boubaker polynomial will be applied to introduce a new algorithm for solving optimal control problems numerically. Let Q n ⊂ Q be the class of combinations of Boubaker polynomials of degrees up to n, and consider the minimization of J on Q n with {a k } n k=0 as unknowns. In fact, state variable is approximated as follow:
The control variables are determined from the system state equations (4.9) as a function of the unknown parameters of the state variables
By substituting these approximation of the state variables (4.10) and control variables (4.11) into the performance index (2.2) yield:Ĵ
Thus, the problem can be converted into a quadratic function of the unknown parameters a i . The initial condition is replaced by equality constraint as follow:
The new problem can be stated as: min 14) subject to constrains (4.13) due to the initial and final conditions, which are linear constrains as:
In fact, this is an optimization problem in (n + 1)-dimensional space and J(x n ) may be considered asĴ(a ′ ) = J(a 0 , a 1 , . . . , a n ), whichĴ is approximate value of J. The optimal value of the vector a * can be obtained from the standard quadratic programming method.
An efficient algorithm
The above result is summarized in the following algorithm. The main idea of this algorithm is to transform the optimal control problems (2.1)-(2.3) into a optimization problem (4.14)-(4.15) and then solve this optimization problem.
Algorithm. Input: Optimal control problem (2.1)-(2.3).
Output: The approximate optimal trajectory, approximate optimal control and approximate performance index J.
Step 1. Approximate the state variable by n th Boubaker series from equation (4.10).
Step 2. Find the control variable as a function of the approximated state variable from equation (4.11).
Step 3. Find an expression ofĴ from equation (4.12) and find the matrix H.
Step 4. Determine the set of equality constraints, due to the initial and final conditions and find the matrix P.
Step 5. Determine the optimal parameters a * by solving optimization problem (4.14)-(4.15) and substitute these parameters into equations (4.10), (4.11) and (4.12) to find the approximate optimal trajectory, approximate optimal control and approximate performance index J, respectively.
A case study
The next example clarifies the presented concepts: Find u * (t) that minimizes [17] 17) with initial conditions
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The first step in solving this problem by the proposed method is by approximating x 1 (t) by 5 th order Boubaker series of unknown parameters, we get
Then,ẋ 1 (t) is calculated and x 2 (t) can be determined, 20) and then the control variable are obtained from the state equation (4.17), as follows: which convert tô 
From initial conditions (4.18), another equations representing the initial states are obtained as follow:
that means:
The dynamic optimal control problem is approximated by a quadratic programming problem. The new problem is to minimize (4.23) subject to the equality constraint (4.25). The optimal value of the vector a * can be obtained from the standard quadratic programming method as: Also, by substituting optimal parameters (4.26) into (4.23) the approximate optimal value can be obtained. For the example, the optimal value is obtained J = 0.0759522. This particular case is also solved by approximating x 1 (t) into 9 th order Boubaker series of unknown parameters. The optimal value is obtain to be 0.0693689 which is very close to both the exact value 0.06936094 and the result obtained in [17] using 9 th order Chebyshev series which is 0.0693689
Convergence analysis
The convergence analysis of the proposed method is based on Weierstrass approximation theorem (1885).
Theorem 4.1. Let f ∈ C([a, b], R). Then there is a sequence of polynomials P n (x) that converges uniformly to f
Proof.
See [35]
Lemma 4.1. If α n = inf 
Proof.
See [26] The next theorem guarantees the convergence of the presented method to obtain the optimal performance index J(.). If we define γ n = min a n ∈R n+1 J(a n ), then:
n ∈ Argmin{J(a n ) : a n ∈ R n+1 }.
in which Q n is a class of combinations of Boubaker polynomials in t of degree n, so γ n = J(x * n (t)). Furthermore, according to Q n ⊂ Q n+1 , we have: min
Thus, we will have γ n+1 ≤ γ n which means γ n is a non increasing sequence. Now, according to Lemma 4.1, the proof is complete, that is: lim
J(x(t)).
Note that, this theorem is proved when Q n is a class of combinations of Chebyshev polynomials [26] .
Numerical examples
To illustrate the efficiency of the presented method, we consider the following examples. All problems considered have continuous optimal controls and can be solved analytically. This allows verification and validation of the method by comparing with the results of exact solutions. Note that, our method is based on state parameterization, so we have compared it with the method given in [20] , [26] and [27] . Furthermore, comparison between the exact and the approximate trajectory of x(t), of control u(t) and of performance index J are also presented (see tables 2 and 6 also table 4).
Example 5.1. ( [2, 7, 8, 23, 26 ]) The object is to find the optimal control which minimizes J = 1 2
We can obtain the analytical solution by the use of Pontryagin's maximum principle which is [26] :
, and Note that, the previous problem is also solved by expanding x(t) into 10 th order Boubaker series, and the optimal value is obtained 0.1929092981 which is very close to the exact value J and the result obtained in [20] and [26] , three iterations of their algorithms are 0.193828723 and 0.192909776, respectively. The maximum absolute error of state variable (∥x Table  2 for different n of presented algorithm. Example 5.2. [3, 27] The object is to find the optimal control which minimizes
and For n = 5 we calculate state and control variables approximately as: The accuracy of presented method is determined numerically for the absolute errors |x(t) − x n (t)| and |u(t) − x n (t)| as given in Table 4 , for n = 5. 
The object is to find the optimal control which minimizes The approximation of x(.) is considered as follow: Figure 3 .
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Conclusion
This paper presents a numerical technique for solving nonlinear optimal control problems and the controlled Duffing oscillator as a special class of optimal control problems. The solution is based on state parametrization. It produces an accurate approximation of the exact solution, by using a small number of unknown coefficients. We emphasize that this technique is effective for all classes of optimal control problems. In fact, the direct method proposed here has potential to calculating continuous control and state variables as functions of time. Also, the numerical value of the performance index is obtained readily. This method provides a simple way to adjust and obtain an optimal control which can easily be applied to complex problems as well. The convergence of the algorithms is proved. One of the advantages of this method is its fast convergence. Some illustrative examples are solved by this method, the results show that the presented method is a powerful method, which is an important factor to choose the method in engineering applications.
